1.5. INEQUALITIES AND FUNCTION SPACES

For any given real number p > 0, let us denote by LP = LP(u) the set of measurable,
real-valued functions f on the measure-space (2, F,u) with |f|P € L!, or equivalently

11l == ( / \f|pdu)1/p <o, (5.1)

The notation is in honor of H. Lebesgue.

The elementary properties |f + g|P < (2-max(|f],|g]))? < 2P - (|f|P + |g|’) and
llafll, = lal||fll, for @« € R, show that LP is a real vector space. We shall say
that a sequence {f,}nen of functions in LP converges to some function f in LP, if

lim,, oo |[fn — fllp =0.
On the other hand, the “triangle inequality” (5.3) below shows that, for 1 < p < oo,
the quantity ||-||, of (5.1) is a norm on LP.

Important Remark: We employ here and in the sequel the “usual convention” of identifying
functions that are equal p—a.e. on €Q; for instance, we identify f = xq with ¢ =0 on
the real line with Lebesgue measure. Thus, we are (tacitly) treating LP as a space of

equivalence classes of functions, rather than as a space of functions.

HOLDER INEQUALITY: Forany p € (1,00), define q¢ by (1/p)+(1/q) =1; then
for any measurable, real-valued functions f, g we have

£l < A1 f1lp - Mgl - (5:2)

If feLP and g€ L9, this shows fg € L', and in this case (5.2) holds as equality if
and only if there exist real constants «, 3 such that a3 #0 and «o|f|P = B|g|?, p—a.e.

For p =2, the inequality (5.2) is known as the Cauchy-Schwarz inequality.
MINKOWSKI INEQUALITY: For any p € [1,00), we have the triangle inequality

N +glly < [Ifllp +llgllp, vV f,g €L (5.3)

5.1 Exercise: The triangle inequality (5.3) fails for p € (0,1).  (Hint: Justify the
elementary inequality (a + b)P < a? + b for a >0, b > 0, 0 < p < 1, and write it
with a = (,u(E))l/p, b= (,u(F))l/p for any two disjoint measurable sets E, F' of positive

measure. )

5.2 Exercise: For a > 0,b>0,0< A< 1 we have a*-b'"* < Xa+ (1 — \)b, with
equality iff a = b. (Hint: The function &(u) = u® —u) attains its maximum, namely
1 — A, over the half-line [0,00), at u=1.)



Proof of (5.2) : The inequality is obvious when its right-hand side ||f]|, - ||g|lq vanishes,
so let us assume ||f|[, > 0, ||g||g > 0. Then we can read the inequality of Exercise 5.2

with a = ([f@)I/[1f]l,)", b= (g)l/llgllg)*, A= (1/p), to wit

W gl _ [f@I” g

11lpllglle — pI(f1P) g I(lgl9)’
(with equality, iff I(|g|?)-|f(w)|? = I(|f|P)-|g(w)|? holds for p—a.e. w € ) ; integrating
over Q with respect to u, we obtain (|[fgll1) / (|fllpl9lly) < (1/p) + (1/q) = 1.

for weN

Proof of (5.3) : The inequality is quite clear for p =1, as well as when f+4g¢g =0, p—a.e.
Now for p > 1 and u(f + g # 0) > 0, we start by writing |f +gP < |f|-|f +g/P7! +
lgl - |f + g|P~!; integrating with respect to g and then applying Holder’s inequality to
the right-hand side, we obtain

L(f +gI") < £l - 1A S +gDP~Hlg + gl - 11 +gDP g

< (11l + gl - (1 (15 + 91 )) " = 1l +llgll) - (107 +919))

whence (I(|f +g|")" "M =11 +gllp, < |Ifllp + llgllp - o

Let us recall from Appendix C' that a function F' : (a,b) — R is called convez, if the
property F' (Zf::l )\kyk) < EleF()\kyk) holds for any y1,...yx in (a,b) and any
Ay ..., Ax in [0,1] with \;+---4+Ag = 1 and any K € N. In particular, if we interpret
{y1,...yK } as the range of a simple function h on a probability space (2, F,u), and Ak
as p(h™'({yx})) , then the inequality reads F(I(h)) < I(F(h)), and is actually valid for
any integrable function A, as the following result demonstrates.

JENSEN INEQUALITY: Suppose that i is a probability measure, that h : Q —
(a,b) isin LY(u), and that F :(a,b) — R is a convex function, for some —oo < a <
b<oo. We have then

F(I(h)) <I(F(h)). (5.4)

Proof : Since F(-) is convex, its left- and right-derivatives D~ F(-) < DTF(:) exist
everywhere on (a, b), are nondecreasing functions, and F(-) = F(xo) + fxo D*F(u)du for
fixed z¢ € (a,b); in particular, F(-) is continuous (Properties C.1 — C.3 in Appendix C;
Exercise 4.4). Now for any given s € (a,b), there exists a real number 3 such that

F(t)—F(s) > B(t—s), vV te(a,b);

just take (B € [D™F(s),DTF(s)]. With s = I(h), t = h(w) this inequality
reads: F(h(w))—F((h)) > B-(h(w)—I(h)), YVw e Q. Thus F(h) is measurable (as the
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composition of the measurable h with the continuous F') and its integral is well-defined (as
F(h) is bounded from below by an integrable function). Integrate over €2 with respect to u
and recall p(2) = 1, to obtain I(F(h)) —F(I(h)) () > B(I(h)—1(h)-pu(2)) =0, that
is, (5.4). o

We can also define a space L = L*°(u), as the set of all measurable functions
f : Q@ — R which are essentially bounded, in the sense that the essential least-upper-
bound
| flloo == inf{a>0:|f(w)] <a forae weQ}

= sup{a>0[u({weQ: [f(w)] > a}) >0} (5.5)

is finite: ||f||oc < c0. Under the usual convention, it is straightforward to check that
L is a real vector space with || - ||oo as its norm.

The essential least-upper-bound ignores sets of measure zero; for instance, if f(w) =1
for rational w € R and f(w) =0 otherwise, then ||f||oc =0 but sup,cq|f(w)| =1.

A real-valued function f can easily have ||f||cc = c0. Just consider (R,B(R)) with
the Gaussian measure p(A) = (v/2r)~! fAe_wQ/Qdac, and f(w) = w, w € R; note that
w(|f] > a) > 0 holds for every a > 0.

5.3 Exercise: (i) Note that the infimum in (5.5) is actually attained.

(ii) Suppose f € L. Then |[f(w)| < ||f||eo for p—a.e. w € Q; and for every 0 < a <
|| flloo there exists a set E € F with p(E) > 0 such that |f(w)| >a, Vwe E.

(iii) For any feL!, g€ L™, h € L*® and {g,}nen C L%, we have the analogue of the
Holder inequality |[fgll1 < [|fll1 - |l9|lec, the analogue of the Minkowski inequality

g+ Al < |19]loo + ||R]|oo - We also have the equivalence

g =gl =0 =t (sup o) 9] ) =0

n—oo \ wek

for some measurable set E with p(FE¢) = 0. In other words, convergence in L is uniform

convergence outside a set of measure zero.

5.4 Exercise : Egorov’s Theorem. Suppose g, {gn}nen are measurable functions
on a finite measure space ( () < 00), and lim,,, g, = ¢ holds p—a.e. Then
(i) for every & > 0, there exists a measurable set E with u(E°€) <§ and

i (‘sup gn) ~ g()]) =03

(ii)  limp,—oo p(lgn — gl >€) =0, Ve >0;
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(i)

5.5

the assumption u(£2) < oo can be replaced by “|g,| < f, Vn € N for some
feL(u)” in (i) above.

EXERCISE : CONVERGENCE IN MEASURE. Suppose f, g, {fn}tneN,

{gn }nen are elements of LY, the space of measurable, real-valued functions on a complete

measure space (2, F,u). We say that the sequence {g,}nen converges in measure

to g, if

(i)

(i)

(vi)

lim p(|lgn —9g| >€)=0, Ve>0.

Argue that the limit ¢ is unique modulo p—a.e. equality. Also, observe that u—a.e.

convergence implies convergence in measure, if () < oo.

p(f.9) =1 <%>

defines a metric on the space L? of measurable, real-valued functions, and that con-

If () < oo, show that

vergence in this metric is equivalent to convergence in measure. Under this metric L°
becomes a Fréchet space (complete, metrizable vector space).
Similarly, with o(f,g) :=I(|f —g| A 1).

Show that convergence in LP, for some p > 0, implies convergence in measure.
(Hint: Recall the Cebysev inequality of (2.14).)

Show by example, that y—a.e. convergence does not imply convergence in LP ; that
p—a.e. convergence does not imply convergence in measure if p(2) = oo; and that

convergence in LP does not imply u—a.e. convergence.

Suppose that the sequence {g,}nen is “Cauchy in measure”, i.e.,

lim p(lgn — gm| >¢€) =0, Ve>0.

Then there exists a measurable function g : 2 — R such that {g,}nen converges
in measure to g; as well as a subsequence {g,, }ren which converges to g, u—a.e.

Suppose {fn}nen (resp., {gn}tnen) converges in measure to f (resp., g). Show that:

{fn + gn}nen converges in measure to f + g;

{fn gn}nen converges in measure to fg if u(Q2) < oo.

{o(fn)}nen converges in measure to ¢(f), provided ¢ : R — R is uniformly
continuous;

{o(fn)}nen converges in measure to ¢(f), provided ¢ : R — R is continuous and

w() < co. More generally, {®(fn,gn)}nen converges in measure to ®(f,g), for
any continuous function ® : R? - R and pu(Q) < co.
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e [Fatou’s Lemma: I(f) <liminf, .o I(f,), provided f, >0, Vn € N;and

e Dominated Convergence Theorem: f € L'(u), lim, oo I(|fn—f]) =0 and I(f) =
lim, .o I(fn), provided that |f,|<h, ¥Vn € N holds for some h € L!(u).

5.6 Exercise: If 0 <p<qg<r<oo, then LPNL" C L?; in fact,

¢ 1Y
D r

_ . 1
1£1lg < (LAY (1A, with €€ [0,1] defined via P

5.7 Exercise: Lyapunov Inequality. If u(2) < o and 0 < p < g < oo, then
L? C LP; in particular

1£1lp < Ifllg - (u(2)" ,  with  r=(1/p) = (1/q);

and when p is a probability measure, this leads to the Lyapunov Inequality

1 Fllp < [1£1q-

5.8 Exercise: If u(f2) = oo, the conclusions of the previous Exercise do not hold; in
fact, LP may then fail to be a subset of L9, for all p # q.
(i) Show by example that, when p(Q2) = oo, we may have {p € [1,00)| f € LP} = (r,s),
a proper subinterval of (1,00).

(ii) Take Q = (0,00) with Lebesgue measure, and show that f(w) =
LP only for p=2.

is in

1
Vo (1+[log w))

5.9 Exercise: Differentiating under the integral. Let [a,b] be a given bounded
interval of the real line, let f : [a,b] x Q@ — R a measurable function such that f(¢,-) is
in L'(u) for every t € [a,b], and define the function F(t) = [, f(t,w)du(w), t € [a,b].
(i) Suppose that there is a g € L' (1) such that |f(t,w)] < g(w), V(t,w) € la,b] x Q. If
lim,—¢ f(s,w) = f(t,w), Vw € Q, then lim,_; F(s) = F(t). In particular, if f(-,w)

is continuous for each w € 2, then F' is continuous.
(ii) Suppose that the partial derivative % exists, and satisfies |%(t,w)| <
h(w), V(t,w) € [a,b] x Q for some h € L!(u). Then F is differentiable, and “we

can differentiate under the integral sign”: F'(t) = |, Bt L(t,w) dp(w).

5.10 EXERCISE : DUALITY OF L?—SPACES: (i) For any p € [1,00) and f €
L?(u), the mapping g — T¢(g) := I(fg) defines a bounded, linear operator on L%(1u)
with (1/p) 4+ (1/q) = 1, whose norm is

7l = s { | [ sodn] < g et =1} = sl < 0. 59)
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This holds also for p = oo, if the measure p is semi-finite; that is, if for every E € F
with p(E) = oo, there exists F' € F with F C E, 0 < pu(F) < cc.

(ii) Conversely, suppose that p is semi-finite and p € [1,00], (1/p) + (1/q) = 1. If f
is measurable and such that fg € L1(u) for every g in the space Sy of simple functions
that vanish outside a set of finite measure, and if

N =swd| [ sgau] + gesullll =1} < o0,

then f € L(u) and N(f) = ||fl.

This last result can be construed as a converse Holder inequality.

A: COMPLETENESS OF LP SPACES

The following result shows that the LP spaces of this section are Banach (that is, complete
normed linear) spaces, in the topologies induced by the norms of (5.1), (5.5) for 1 < p < co.

5.1 THEOREM: The space L? is complete, for any 1 < p < oco. In other words:
For any Cauchy sequence { f, }nen in LP, i.e., with the property that for every e > 0 there
15 an integer N so that

| fn — fmllp <€  holds for any n> N., m > N, (5.7)

there exists a unique f € LP such that ||f, — fllp — 0 as n — 0.
Furthermore, there exists a subsequence {fn, }ken C {fn}tnen, as well as a function
F:Q —[0,00) in LP, such that for p—a.e. w € Q we have:

fu@) € Fw), YEEN  and  lim fo,(w) = f().

The argument involves a couple of ideas that are often used to great advantage in
Analysis and in Probability; see, for instance, Theorem 2.4.1 (iii), as well as the proof of
the Strong Law of Large Numbers (Theorem 2.3.2). The first idea, is that
e subsequences that converge “sufficiently fast” in LP must converge also p—a.e.,

and the second idea, is that

e it is enough to show LP convergence for some subsequence.

Proof :  To see how these ideas work in our present context, observe that the Cauchy
property (5.7) allows us to choose a subsequence {f,,} With ||fn,,, — faullp < 27F, for
all k€ N. The sequence of positive functions {Fj}ren defined by

Fiw) = fn @) Fraa(w) = |fn (@)] + Z [y (W) = fn; (@)| - for k€ N
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satisfies ||Fkll, < [|fnillp + Zk 12 I < ||fnillp + 1 from the triangle inequality, and
increases p—a.e. to a function F'; then Fatou’s Lemma guarantees that F' isin LP, hence
also p—a.e. finite: I(FP) <lim, I((F)P) < (1 + || fu,llp)" < 0.

As a result, the sequence

k
fnk+1( ) fn1 + Z fnj_;,_l fnj( )} , ke N
J=1

converges absolutely for p—a.e. w € () to some real number

fw) ==l fo, (@) = fa, @) + D [Fa0 @) = fu, (@)] -

JEN

Because |fp,(w)] < F(w) and F € LP, we deduce from the Dominated Convergence
Theorem that f € L? and ||f,, — f|l, — 0 as k — oo, since |f,, — f| < F+|f| € LP.

Now let us argue that the entire sequence {f,}nen must converge in LP to this
function f € LP. For any ¢ > 0 we can choose K. € N large enough, so that ||f,, —
fllp < €/2 holds for all k¥ > K.. On the other hand, from (5.7) we can choose N, € N

large enough, so that ||f, — fn.llp < €/2 holds for all n > N, and for all £ > K.. The
triangle inequality now implies

||fn_f||p§||fn_fnk||p+||fnk_f||pSev VTLZNE,

which shows that the entire sequence {f, }nen converges in L? to the function f. o

The Holder inequality places the Banach spaces of this Theorem in a formal duality,
with L9 the dual of the space LP for 1 < p < oo when (1/p)+ (1/q) = 1. This
duality is studied in detail in section 1.8; recall Exercise 5.10, and consult Theorem 8.1
and Remark 8.1 in this regard.

Clearly, the space L2 of square-integrable functions is self-dual in this sense; it is
also a Hilbert space with inner product (f,g) = fQ fgdu, as discussed in Appendix B.

5.11 Exercise: If 1 < p < oo, the simple functions of the form f = 22;1 o XE, With
a, € Rand pu(E,) <oo for n=1,...,N, N € N are dense in LP.

5.12 Exercise: Forany f:R — R and any = € R, define the “shift” f,.(-) = f(x+-).
Show that, if f € LP(R) = LP(R,B(R),\) for some 1 < p < oo, and if f is not
identically equal to a constant (a.e.), then lim, ., ||fz — f||, = 0. Observe also that the
result fails for p = oo, as it amounts then to the requirement that f agree a.e. with a
uniformly continuous function. (Hint: Establish the result first for continuous functions
with compact support; then approximate.)



5.13 Exercise: Justifying the notation ||f|| for the essential least-upper-
bound. Show that if f € L" N L* for some 1 < r < oo, then f € LP for any
p € [r,00] and we have ||f|loc = limp_oo || f]]p-

5.14 Exercise: Differentiating the L”—norm. With 1 <p < oo and f, g in L?,
show that the convex function F(u) := [, |f + ug|? dp is differentiable at u = 0, with

derivative

F/(0) = p/Q|frp—2fgdu.

(Hint: Use the convexity of = — |z|P.)

5.15 Exercise: Hanner Inequalities. Suppose f, g arein LP. With 1 < p < 2, show
p p p p
(17 +9lln)" + (17 =ally)” = (17l +1lglls) + |11 = llglls| + (5:8)

T ()" + (lell) ] - 69)

For 2 < p < oo, show that the inequalities are reversed; in particular, for p = 2 the

(117 + glly 115 = gllp) " + |11+ gllp = 11 = g1l

inequalities lead to the Parallelogram Identity (B.7) of Appendix B. For p = 1, the
inequality of (5.8) is just the triangle inequality.

5.16 Exercise: Projection on a closed, convex set. Let G be a closed, convex subset
of the space L? for 1 < p < co: ie., ug+ (1 —u)h belongs to G for every 0 <u <1,
g € G, heg;and every Cauchy sequence {z,}nen C G converges in LP to some z € G.
Then, for any f ¢ (L?\ G), there exists an element g, € G such that

0 := inf — = — Gylly -
;gg!\f 9llp = IIf — g«llp

Furthemore,

/9(9_9*) (f=g)|f—gP?du <0, Vgeg.

(Hint: This is a generalization of the Projection in Hilbert-space result, Theorem B.2 of
Appendix B, which corresponds to p = 2 here. Try the case 1 < p < 2 first, by following
the same reasoning as in the proof of that result and using Exercises 5.15, 5.14 in lieu of
the Parallelogram Identity (B.7).)



B: UNIFORM INTEGRABILITY *

This subsection introduces the important, but rather technical, notion of uniform integra-
bility. The reader may wish to skip this section entirely on first reading, and return to
it after some familiarity with the contents of sections 1.7, 1.9 or of Chapter 2 has been
acquired. The results of this section will be used in a crucial way in the proof of the
Pointwise Ergodic Theorem 9.2.

Let us begin by placing ourselves, throughout this subsection, on a finite measure
space (2, F, i), that is p(Q) < oo, and observe that for any function f € L! we have
| (150} |fldu — 0 as A — oco. The notion of uniform integrability is a generalization of
this property.

5.1 Definition: We say that a family {f,}aca of real-valued, measurable functions, is
uniformly integrable, if for every & > 0, there exists \. > 0 such that:

sup/ |faldp <e, Y A>A..
a€A J{|fa|>A}

Uniform integrability implies boundedness in L', as the following result demonstrates.

5.1 Proposition: The family {fa}aca is uniform integrable, if and only if both conditions

below hold:

(a) Boundedness in L':  sup,c4 I(|fa]) =1 K < o0}

(b) Uniform absolute continuity: for every e > 0, there exists . > 0 such that, for
every B e F with pu(B) <d., and all a € A, we have [ |fa|dp < €.

Proof: Suppose {fa}aca is uniformly integrable; with e, A as in Definition 5.1, we have

I(|fa|):/ |fa|dﬂ+/ faldp <e+ A pu(Q) <0, YaeA,
{Ifal>Ac} {IfalSAe}

and for any B € F with p(B) < 6. :==¢/\::

/Ifalduzf \faldu+/ ful di
B Bn{|fal>Xc} BN{|fa|<A}

S/ ’fa‘du+>\s'u(B)<5+5€)‘€<2€‘
{Ifal>A}

Now suppose that (a), (b) hold; from (a) and the Cebysev inequality of (2.14), we
obtain u(|fa| > A) < I(|fa]) /A< K/X forall a € A, A > 0. Thus, for any ¢ > 0 and
A>(K+1)/§,and all @ € A, we have supyecy p([fa] > A) < 6. Substituting in (b) we
obtain sup,c4 f{'fa|>>\} |[faldp <e, forall A> X\ :=(K+1)/0.
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5.17 Exercise: Each of the following conditions is sufficient for the uniform integrability

of the family {fs}aca of measurable functions:

(i) there exists f € L' such that, for every « € A, we have: |f| < |f|, u—ae.

(ii) Criterion of De la Vallée Poussin: there exists a function h : [0,00) — [0,00)
with h(x)/x positive and increasing on (0,00) and lim, . (h(z)/z) = oo, such
that: sup,eca [o (o |fa]) du < .

(iil) supyea Jo [falPdp < oo, for some p > 1.

5.18 Exercise: Show by example that a family of measurable functions can be
(i) bounded in L' but not uniformly integrable;
(ii) uniformly integrable, but not dominated by an integrable function, as was the case in
Exercise 5.17 (i).

The following result complements nicely the Lebesgue Dominated Convergence Theorem

for functions in L!, by substituting the domination condition with uniform integrability.

5.2 Theorem: Generalized Dominated Convergence. For a sequence of functions
{fnnen C LY which converges in measure to some measurable function f, the following
conditions are equivalent:

(i) {fn}nen is uniformly integrable,

(ii) I(lfn —f]) — 0, as n— o0,
(ili) I([fnl) — I(|f]) < o0, as n—oo.

Proof: (i) = (i#i). From Exercise 5.5 (v),(vi), Fatou’s lemma and condition (a) of
Proposition 5.1, we have I(|f]) < liminfy I(|f.,|) < sup,, I(|fn|) =8 K < oco. Then
using Proposition 5.1 once again we see that the sequence {f, — f}nen is uniformly

integrable, and

1 n — n — d + n — d
(Ufu— 1) /{lfn_f|<€}|f £l du /{Ifn_f|>€}|f £l du

< cu@ + | o~ fldu.
{lfn—FI>€}

By assumption u(|f, — f| > €) — 0, so the last integral also tends to zero as n — oo
(recall Proposition 5.1 (b)). Therefore limsup,, I(|f,—f]) < ewn(2), and the result follows
by letting ¢ | 0.

The implication (i7) = (éii) follows directly from |I(|fn|)—I(|f])| < I(|fn—f]) — 0,
as n — oo ( triangle inequality). For the final implication (iii) = (i), fix A > 0 and
introduce a bounded, uniformly continuous function ¢y : R — [0,00) with @y(z) <
|z|, Vo € R and ¢y(z) = |z| for |z] < A, pa(x) =0 for |z| > A+ 1. Thus

/ Fldu < T(oa(fD) = lim I (pa(lfa])) < nmmfn/ ful di,
{IfI<A} "

{Ifnl<A+1}
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thanks to Exercise 5.5.(vi). Subtracting memberwise from (iii), we obtain then

limsupn/ |faldp < / |fldp — 0, as A — oo.
{1 fal>2+1} {1F1>\}

The uniform integrability of {f,}nen follows now easily. &
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