CHAPTER 3: ELEMENTS OF HARMONIC ANALYSIS

In this chapter we introduce the notion and basic properties of Fourier transforms
for finite measures and for functions in L!(R), including the Fourier-Lévy inversion for-
mula. This fundamental result asserts that a probability measure p on the real line is
uniquely determined by knowledge of its “spectrum” (also called “characteristic function”)
fR e®® du(x) , for all frequencies ¢ € R. Properties of convergence of measures are tied to
related properties of pointwise convergence for the corresponding spectra (characteristic
functions), leading to a Fourier-analytic proof of the Central Limit Theorem. The basic
principles of the resulting Harmonic Analysis are then illustrated on the solution of some
simple but fundamental Differential Equations, both Ordinary and Partial (Heat Equa-
tion, Wave Equation). The solution to the Heat equation is then expressed in terms of the
Brownian Motion process.

3.1. FOURIER TRANSFORMS OF MEASURES

We have seen in the previous chapter how the distribution function F(-) = Fx(-) of a
random variable X determines the values of integrals E[®(X)] = [®dFy forall®: R —
R, and how it is in turn determined from these integrals corresponding to all such ® in
the class Cy(R) of bounded continuous functions (cf. Exercise 2.1.4). It turns out that
Fx(-) is actually determined from knowledge of the “harmonics”

o0

E(eX) = / cos(éx) dF (z) +1 / sin(§z) dF(z),
for all “frequencies” & € R. These correspond to the collection of bounded, continuous

functions {e C Cy(R) ; we are denoting here by i = v/—1 the imaginary unit. The

it }
{ER
resulting function

R 5 ¢ — ¢x(§) = B(e*Y) € C
is called the “spectrum” or characteristic function of X.

To begin our discussion, we start with a related concept, that of the characteristic
function of a probability measure p on Borel subsets of R, defined as

ou(&) = /Reigwd,u(a:), EeR. (1.1)

The function ¢, : R — C is then uniformly continuous, and satisfies

[0u(E)] < 0u(0) =1, du(=€) = ¢u(§).
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e Suppose that p is absolutely continuous with respect to Lebesgue measure A, that is,
of the form u(A) = [, f(u)du, A € B(R) for some measurable function f: R —
[0,00) with [*°_ f(u)du=1. Then ¢,(-) coincides with the Fourier transform of the
probability density function f(-) as in Exercise 1.6.3, namely

fo = [ e,
o If ;1 is a purely discrete measure on Ny (as in Definition 2.1.1(ii)), then ¢,(-) coincides
with the Fourier series p(§) =), cn, e’"p(n) of the probability mass function p(-).

The main property of the function ¢, (-) is that it determines, or “characterizes”, the
measure j , whence the terminology “characteristic function”. The following fundamental
result shows how to reconstruct a measure g on the real line, from the spectrum of all its

harmonics.

1.1 THEOREM : FOURIER-LEVY INVERSION FORMULA. For any real
numbers r1 < Ty, we have

T efzfml . efzfazg
l(ar2)) + 5 [ ) + ulfaah)] =t 5 [ g (s (12

N J/
g

A crucial observation here, is that the integrand on the right-hand side of (1.2) is only
of the order O(1/¢) in &, thus not integrable on the whole real line. The process of taking
the “principal value” of this integral, i.e., of truncation to the interval (=7, 7T") followed by
taking the limit as T — oo, can be viewed as a way of “regulating” the integral over the

entire real line; this feature is common to most proofs of Fourier inversion formulae.

Proof : 'We start by evaluating the integral

1 T e—if:rl _ e—i§I2 T 6_i§I1 _ 6_7:5132 .
- de — i€z d
) I T A /_T omit (/Re g @)) :

:/IT(m;ml,aﬁg)du(m). (1.3)
R

Here we have set

T _i&(z—z1) _ i€(z—x2)
Ip(z;xq,20) @ = / € 2m,§ dg
1_T T siné(x — 1) 1 (T siné(z — x) (14)
S SV M e — = SRS\ T2 g
e Y B el



and applied Fubini’s Theorem. This is justified, since

eig(m_ml) — eig(m_mQ)
i§

T—21
= ‘/ elfudu‘ <zy—11 (1.5)
T—To

and [ du(z) f_TT(xQ —21)d§ = 2T (z9 — 1) < 0o. The limits of integrals of the form (1.3)
are easily determined, with the help of the following so-called ‘Dirichlet integrals’:

T . S
0 < san () - / sin (ax) v < / sinz s
0 0

x T
T .

limy o0 / sin (az) de = = -sgn () (1.6)
0 i 2

T
]_ _
T / Locos(am) \o Ty
0 T 2

with the convention sgn(a) = 1, 0, —1 for a > 0, a = 0, a < 0, respectively. It follows
Oﬂ % dx uniformly in T';

thus, as T' — o0, it converges to zero when x < 1 or x > z9; to 1, when 1 < z < x9;

that the quantity Ir(z;xy,72) satisfies |I7(z;z1,20) < 2

and to (1/2), when z = z; or x = 3. We can apply now the Lebesgue Dominated
Convergence Theorem, and find that the limit of the right-hand side of (1.3) as T' — oo,

is exactly pu((e1,22)) + 2 [p({1}) + p{2})] o

Let us list some immediate consequences of the Fourier-Lévy inversion formula.

e In terms of the probability distribution function F(z) = pu((—o00,2]) , © € R induced
on B(R) by the probability measure p, we can re-write the Fourier-Lévy inversion formula

in the form

T e—ifwl - e—i§m2
3 [Plaz) + Flaam)] = 5 [P + Fio)] = timrwe 5o [ St ac.
(1.7)

e The characteristic function ¢,(-) determines the probability distribution func-
tion F'(-). Indeed, for every continuity point = of F(-), we have

T _—ifx1 _ —iftx
F(z) =limg, o (HmTHOO % /T € - e b (€) df) (1.7)

from (1.7). In other words, F(-) is uniquely determined by ¢,(-) at all its points of
continuity — thus everywhere on R via F(z) = lim, . ,¢p, F(x); this is because F'(-) is
increasing and right-continuous, so the set Dp of its discontinuities is at most countable.
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e Suppose now that ¢, € L'(R) = L'(R,B(R),\), ie., [*[¢,(£)]d¢ < oo (thisis a big
assumption; see Exercise 1.7(e) for sufficient conditions). Then the distribution function
F(-) is continuously differentiable, with derivative

f(x) = Fl(x) = %/_OO e %, (6)dE, Yz eR. (1.8)

[ J/
-~

Indeed, under the additional hypothesis ¢, € L'(R), the estimate (1.5) and the Lebesgue
Dominated Convergence Theorem allow us to replace in (1.2), (1.7) the principal value

<limT_>oO fEFT> by the Lebesgue integral ( ff;) over the entire real line, namely:

0 1 _ g~ (z2—m1) _
pl(or,z2)) + 3 [ullonh) + afeah)] = o [ T e de.

T or oo 1€

Letting xo — x1 in this expression, and appealing to the Dominated Convergence Theorem
once again, we find that u({z1}) = 0, so that F(-) is continuous and (1.2) becomes

00 1 _ o—if(x2—x1) )
Flas) — F(a1) = — / Lo e, (€) de. (1.2)

2 oo 1€

Dividing by x5 — x7 in this expression, we get

_ o _ —it&(x2—x1)
F(x2) — F(x1) 1 / e (1 e "t )gbu(g)dﬁ

To — T T on e i&(xo — 1)

Once again, we let x5 | 1 and appeal to the Lebesgue Dominated Convergence Theorem,
to conclude that the limit exists and is given by the right-hand side of (1.8) with =z = ;.

e The definition of the transform (1.1) also makes sense, if we replace the probability
measure £ by a “signed measure” of the form p(A) = [, f(z)dz = py(A)—p_(A), Ae
B(R) for some f € L*(R) (difference of two finite measures p4(A) = [, f*(z)dz in
the notation of (1.1.4)). In this case ¢,(-) is just the Fourier transform

oo

7le) = / ¢S f(r)dr, €€ R (1.9)

— 00

of the function f(-), asin (1.6.7). It is easy to check that all the previous discussion is still
valid, with du(z) replaced formally by f(z)dz. The resulting function ]?() is bounded
and uniformly continuous, with Hﬂ lo < ||f]]1, but not necessarily in L(R) ; see Exercise
1.1.(c).

However, if we have f € L(R), as was assumed in the preceding item, then (1.8)

becomes the classical Fourier inversion formula

~

f(z) L /OO e’ dE, zeR. (1.10)

:% .



In this case it is f(-) that is bounded and uniformly continuous, and 27 || f]|so < ||f |1 -

e The characteristic function of the convolution
pA) = (o e)(4) = [ (A= a)dua(e), A€ B®R)

of two probability measures p; and puso, is the product ¢(-) = ¢1(-) - ¢(-) of the corre-
sponding characteristic functions. Indeed, if X7, Xo are two independent random variables
with respective distributions g and ps, then pq*puo is the distribution of X7+ X5 (recall
Exercise 2.2.4), and its characteristic function is

6(¢) = B[S0 | S B [(€0] B [¢%] = 1(6) - a(¢), VEER.

1.1 Example: The following are the characteristic functions for the absolutely continuous
distributions of Example 2.1.1.

e Exponential: ¢(€) = (1 —i(&/N) "

e Standard Normal: ¢(§) = e=¢7/2,

e Normal (m,0?%): ¢(&) = e imE—0?E%/2.

e Uniform on [0,h]: ¢(€) = (eh —1)/ith.
e Uniform on [—h,h|: ¢(&) = (sin({h)/ER) .
e Double Exponentml d(6) =1/(1+&2).

Cauchy: ¢(&) = e l¢l.
e Triangular on [—1,1]: ¢(&) =2 (1 — cos &)/€2.
o Fejér: ¢(&) = (1 — [€]) xj—1,11(8) -

1.2 Example: The following are the characteristic functions for the purely discrete
distributions of Example 2.1.2.

e Dirac: ¢(£) = e'¢e.

e Bernoulli: ¢(§) = pe't® + qe?

o Symmetric Bernoulli: ¢(&) = cos(&b) .

e Binomial: ¢(§) = (pe* + (1 —p))n

e Poisson: ¢(§) =exp [A (e’ —1)].

o Geometric: ¢(§) =pe’*/(1—(1—p)e*).

1.1 Exercise: (a) Verify the computations of the Dirichlet integrals in (1.6).

(b) Verify the computations of Examples 1.1 and 1.2, and justify the “dualities” between
the double-exponential and the Cauchy, as well as between the triangular and the Fejér
distributions. Observe that the standard normal distribution is “self-dual” in this sense.
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(c) Show by example that we can have |f| ¢ L'(R), for suitable f € LY(R), in the
notation of (1.9).

1.2 Exercise: (a) Convex combinations of characteristic functions are themselves char-
acteristic functions.

(b) If X .Y areindependent random variables, then ¢xyyv () = ¢x(-) oy (*).

(c) If X has a normal distribution with expectation m; and variance o2, and Y has a
normal distribution with expectation ms and variance o3, and X and Y are independent,
then X +Y has a normal distribution with expectation m; + mg and variance o? + 03.
(d) If ¢(-) is a characteristic function, then so is |¢(+)|>. (Hint: Consider two inde-
pendent random variables X ,Y with common characteristic function ¢(-), and look at
X — Y ; this is the so-called method of symmetrization.)

1.3 Exercise: With ¢(§) := (1 — |£]) x{=1,11(§) and {ax}i_; C (0,00), {M}i; C
0,1], n € N with Y, _; Ay = 1 the functlon (&) =D M o(€/ar), EER isa
characteristic function. In other words, every even function ¥ : R — [0, 00) with ¢(0) =1,
whose graph on [0, 00) is a convex polygon, is a characteristic function.

1.4 Exercise : Positive-Definite Functions. A function ¢ : R — C is called
positive-definite, if

ZZg —&k)zjZr > 0 holds for any {fj} 1 CR, {zj} _,CC, neN.
j=1k=1

(a) Show that every positive-definite function satisfies

sup |g(€+h) —g(&)] < 2|1 —g( heR;

£ER

in particular, if g(+) is continuous at the origin, then it is uniformly continuous on R .

(b) Show that every characteristic fuction is positive-definite.

(¢) (Bochner-Herglotz) Every positive-definite function g : R — C with ¢(0) = 1 which
is continuous at the origin, is a characteristic function.

(d) (Pdlya) A function g : R — C with ¢(0) = 1, which is evenly-symmetric, and
convex decreasing on [0, 00), is a characteristic function.

(e) Show that e~!éI" | ¢ € R is a characteristic function for 0 < o < 2.

1.5 Exercise: Show that every characteristic fuction ¢(-) has the properties

0 <1-R(p(2€)) < 4[1-R(o(§))], VEER

> 1 —R(¢
/_OO tﬁ /Ix\du



1.6 Exercise: Use the techniques of this section, to derive again the results of Exercises
2.5.1, 2.5.3(a); observe how much more direct these new derivations are.

1.7 Exercise: Let p, v be two probability measures on B(R), and denote their respective
characteristic functions by ¢,(-), ¢.(-) .
(a) Establish the Parseval Identity

/ —m£¢ /¢V — dlu f), VexeR. (1-11)
R

In particular, for every a > 0, x € R, show that we have

1 [ e~ (@=8)/2a
o | e () de =

. . W dp(§) - (1.12)

fa(; du) =

(Hint: Use the Tonelli-Fubini theorems, and recall the characteristic function of the normal
distribution dv(z) = Ners exp{—a?x?/2}dx with m =0, o = 1/a from Example 1.1.)

(b) If X is a random variable with distribution px, and Z is an independent standard

normal random variable, then for a > 0 the distribution of X+aZ is absolutely continuous
with density fo(-;¢,), namely

P X+aZ <u] = /u falz; @p) da u€eR. (1.13)

(c) Use (1.12), (1.13) to provide another proof of the fact, that u is determined completely
by its characteristic function ¢,(-); namely, that the probability distribution function

F(:):=p((—o0,-]) is given as

= h?&/ fa(x;¢u)dx,  at every continuity point w of F(-). (1.14)

(d) Suppose that ¢,(-) € L*(\); then p is absolutely continuous with respect to Lebesgue
measure A, with density f = du/d\ which is bounded and uniformly continuous on R.
(e) Suppose that ¢,(§) > 0, V& € R, that p is absolutely continuous with respect to
Lebesgue measure A, and that the density f = du/d\ is bounded (i.e., ||f|lco < o0).
Then ¢,(-) € L'()).

1.8 Exercise: The characteristic function ¢,(-) of a probability measure p is real-valued,
if and only if p is symmetric: u(B) = pu(—B), V B € B.

1.9 Exercise: Let p be a probability measure on B(R), and ¢,(-) its characteristic
function as in (1.1).



(a) If for some m € N we have [y |z|™ du(x) < oo, then ¢,(-) has a (uniformly) contin-
uous derivative of order m , given by

D™ (€) = M (€) = / (i)™ €% du(z), EER. (1.15)

R
In particular, we have then

D™, (0) = z'm-/Rxm du(z) .

N J/
~~

(b) Conversely, if the derivative D?"¢,,(0) of order m = 2n at ¢ = 0 exists and is finite
for some n € N, then

/ r*" dp(x) < oo and D?"¢,(0) = (—1)”-/ " du(x) .
R R

1.10 Exercise: For a probability measure ;1 on Borel subsets of RY, we define the

characteristic function

Gu(€) = /R ) e du(z), €€R

in a manner completely analogous to (1.1) and with the inner-product notation (£, z) :=
Z?Zl &x; in R%. Most of the results of this chapter have natural analogues in this setting
as well. For the distributions of Examples 2.2 and 2.3, verify the computations:

o Multinomial:  ¢(§) = (p1 e+ 4 py ei&d)n .

o Multivariate Normal: (&) = exp {i (¢, m) — (6 —m, B(E —m))}.

1.11 Exercise: Suppose that f and g are real-valued functions in L*(R).
If in addition f € L2(R) and § € L2(R), then the Plancherel Identity

1F 3l = 27 [If glh (1.16)

holds. In fact, we have f € L?(R) < fe L?(R), and in this case the Plancherel Identity
becomes

1F1la = V2m [If ||z - (1.17)



A: FOURIER TRANSFORMS OF SQUARE-INTEGRABLE FUNCTIONS *

The purpose of this subsection is to discuss the construction and basic properties of the
Fourier Transform for complex-valued functions f : R — C in the Hilbert space L?(R)
with

00 00 1/2
(f.9) = / fl@)glx)dz, ||fll2 = (/ If(w)|2dﬂc> ;  f.9 €eL*R).
The results will not be used in the remainder of this chapter, so the subsection can be
skipped or skimmed on first reading.

How then are we to define the Fourier transform

flo=[ eer@in, ¢er (19)
of a function f:R — C in L?(R)? There is no problem with doing this if, in addition,
f belongs to the space L'(R); then f: R — C is well-defined, uniformly continuous,
and bounded with ||f||ec < ||f]]1 < 00, as we have already seen.

Furthermore, if it happens that [ is itself integrable, i.e., |f| € L'(R), then we also
have the Fourier Inversion formula (1.10), now written in the form

f= (f)v, where g (x): ! /OO e %%g(x)dx, for geLY(R); (1.18)

— % .
in this case f itself is uniformly continuous and bounded, with 27||f||cc < ||f||1 < 00,
as we have seen.

However, it is not immediately clear how to use this information to interpret (1.9), let
alone the inversion formula (1.10), if we only know that f € L*(R).

None of these problems exists if we take f in the class C7°(R) of infinitely differen-
tiable, rapidly decreasing functions of Definition 1.6.1. In view of the fact that this space
is dense in L?(R) (Exercise 1.6.9), this may in fact be a good place to start.

To make headway with this idea, let us assume that f € C7°(R); then the Fourier
Transform f is well-defined by (1.9), and it is checked readily that the analogue

Df =% hyf, VkeN (1.19)
of (1.15) holds, where we have set hg(x) := 2*. Similarly, integration-by-parts in (1.9)
gives

—

D"f = —i™ hy, f, VmeN. (1.20)
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Putting these two properties together, we deduce that fE C°(R), and verify the Fourier
inversion formula (1.10) in this case. One can check also the analogue of the Parseval
Identity

/OO e_mff(f)g(f) d¢ = /OO g —x)f(&)dE, Y f, g€ CfO(R), r€R (1.21)

— 00 — 00

of (1.11), as well the Plancherel Identities

Iflla = vVer Ifllz,  WFGlh =2 lIfglh: f.g9 € CPR). (1.22)

1.12 Exercise: For f € C®(R), g € C*(R), verify that f € C°(R), § € C°(R)
and check the validity of the properties (1.19)-(1.21).

To establish (1.22), consider the functions g(z) := f(—z) and h(z):= (f *g)(z) =

f f(y) f(y — x) dy, both of them in CP°(R). It is seen that g is the complex conjugate
of f, and /f\L f ] f 2, so that the Fourier Inversion Formula yields
i = h L (7 e,
f— O —_ —1&x
(1711 / £y 0 =50 [ R
22
L _oo| e = L1711,

which is the first formula in (1.22); the second is proved similarly.

We are now in a position to extend the Fourier transform and its properties, from
C°(R) to the Hilbert space L*(R). To do this, take an arbitrary f € L*(R) and any
sequence {f,},—; C C°(R) with ||f, — f|l2 — 0 as n — oo; such a sequence exists,
because C7°(R) is dense in L?(R) (Exercise 1.6.9). The Fourier transforms {fn};’f:l of
these functions are also in C7°(R), and from the Plancherel identity (1.22) we see that

1 ~ o~
= W= donlly = [1da = Fnlly < (Mo = £l [ fm = £1l, — 0, a5 mym — o0

in other words, {]?n}flozl is a Cauchy sequence in the complete space L?(R), thus there
exists some element fe L?(R) such that: Hﬁl ﬂ|2 — 0 as n — oco. This element
is the same (modulo A—a.e. equivalence) for any sequence {f,},—; C C°(R) used to
approximate f in the sense of the L?(R)—norm, so we can define f as the Fourier
Transform of f.

The Plancherel identity follows now immediately, since

1 1
£ [l, = Jim [[fa ], = Nir: im || fal, = %'HfH?. (1.23)
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The inverse map g ~— g* of (1.18) is extended from C{°(R) to L?(R) in exactly the
same way, and the inversion formula follows:

(f)" = (lim f,)" = lim ()" = lim f, = f. (1.24)

n—oo n—oo

1.13 Exercise: The Riemann-Lebesgue Lemma. For any f : R — C in L'(R),
show that

lim [f(¢)| = 0.

€| —o0

(Hint:  Establish this property first for f € C7°(R); then recall Exercise 1.6.9.)

1.14 Exercise: The Heisenberg ‘“uncertainty principle”.
(a) Suppose that f : R — C belongs to the Schwartz space C7°(R). Show then the
Heisenberg Inequality

[ (i) e - [ (elfe) e = I i’ (1.25)

oo

with equality for the Gaussian densities ¢,2(x) = \/2;? exp {—%} , 02 >0.

(Hint: Observe that for such f we have Df = f' € LF(R) for every k € N, and

1/)?(5) = —i€f (&) thanks to integration by parts; then use the Plancherel identity).
(b) Argue that (1.25) holds, in fact, for every f € L%(R).
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